Abstract. We show how the quantum Chevalley formula for G/B, as stated by Peterson and proved rigorously by Fulton and Woodward, combined with ideas of Fomin, S. Gelfand and Postnikov, leads to a formula which describes polynomial representatives of the Schubert cohomology classes in the canonical presentation of QH * (G/B) in terms of generators and relations. We generalize in this way results of [FGP]. §1 Introduction , we obtain polynomial representatives of Schubert classes in Borel's ring by starting with a representative of the top cohomology and then applying successively divided difference operators associated to the simple roots of G. More details concerning the Bernstein-Gelfand-Gelfand construction can be found in section 2 of our paper.
§1 Introduction
A theorem of Borel [B] describes the cohomology 1 ring of the generalized complex flag manifold G/B as the "co-invariant algebra" of the Weyl group of G, which is essentially a quotient of a certain polynomial ring. The Schubert cohomology classes (i.e. Poincaré duals of Schubert varieties) are a basis of H * (G/B). In order to determine the structure constants of the cup-multiplication on H * (G/B) with respect to this basis, we need to describe the Schubert cohomology classes in Borel's presentation. According to Bernstein, I. M. Gelfand and S. I. Gelfand [BGG] , we obtain polynomial representatives of Schubert classes in Borel's ring by starting with a representative of the top cohomology and then applying successively divided difference operators associated to the simple roots of G. More details concerning the Bernstein-Gelfand-Gelfand construction can be found in section 2 of our paper.
When dealing with the (small) quantum cohomology ring QH * (G/B) we face a similar situation. There exists a canonical presentation of that ring, again as a quotient of a polynomial algebra, where the variables are the same as in the classical case, plus the "quantum variables" q 1 , . . . , q l . As about the ideal of relations, it is generated by the "quantum deformations" of the relations from Borel's presentation of H
which is an element of t, by using the identification of t and t * induced by , . If {α 1 , . . . , α l } is a system of simple roots then {α ∨ 1 , . . . , α ∨ l } is a system of simple coroots. Consider {λ 1 , . . . , λ l } ⊂ t * the corresponding system of fundamental weights, which are defined by λ i (α ∨ j ) = δ ij . To any positive root α we assign the reflection s α of (t, , ) about the hyperplane ker α. The Weyl group W is generated by all reflections s α , α ∈ Φ + : it is actually generated by a smaller set, namely by the simple reflections
To any w ∈ W corresponds a length, l(w), which is the smallest number of factors in a decomposition of w as a product of simple reflections. One is looking for a Giambelli type formula, which connects these two descriptions by assigning to each Schubert cycle σ w a polynomial representative in the quotient ring R[λ]/I W . We are going to sketch the construction of such polynomials, as performed by Bernstein, I. M. Gelfand and S. I. Gelfand in [BGG] . It relies on the following facts:
• we have a formula of Chevalley which gives the matrix of the cup multiplication by σ s i on H * (G/B) with respect to the basis {σ w :
• there is another, "very similar", formula, which involves the divided difference operators ∆ w , w ∈ W (see below) on the polynomial ring R[λ].
The following result was proved by Chevalley [Ch] (see also Fulton and Woodward [FW] ). 
To each positive root α we assign the divided difference operator ∆ α on the ring R[λ] (the latter being just the symmetric ring S(t * ), it admits a natural action of the Weyl group W ):
One can show (see for instance [Hi] ) that the definition does not depend on the choice of the reduced expression. The operators obtained in this way have the following property:
The importance of those operators for our present context is revealed by the similarity of the following formula with Lemma 2.1: 3 
We can easily determine any of the coefficients a v from
by applying ∆ v on both sides and using Lemma 2.2. It follows that
We just have to compare (3) with Lemma 2.1 to conclude: 4 §3 Quantization map
, where l is the rank of G and q 1 , . . . , q l are some variables. The multiplication • is uniquely determined by R[q]-linearity and the general formula 
is commutative and associative (for more details about quantum cohomology we refer the reader to Fulton and Pandharipande [FP] ).
One can show that the quantum cohomology ring of G/B is generated by H
To determine the ideal of relations, we only have to take any of the fundamental W -invariant polynomials u i , 1 ≤ i ≤ l -as generators of the ideal I W of relations in H * (G/B) -and find its "quantum deformation" R i . The latter is a polynomial in R[q, λ], uniquely determined by:
The challenge is now to solve the "quantum Giambelli problem": via the isomorphism (4), find a polynomial representative in R[q, λ]/I q W for each Schubert class σ w , w ∈ W . We can actually use Theorem 2.3 in order to rephrase the problem as follows: Describe (the image of [c w ] via) the map
Note that the latter is an isomorphism of R[q]-modules, but not of algebras; following [FGP] , we call it the quantization map. So the main goal of our paper is to give a presentation of the quantization map. For G = SL(n, C), the problem has been solved by Fomin, Gelfand and Postnikov [FGP] . We are going to extend their result to an arbitrary semisimple Lie group G. 5
As in the non-quantum case, we will essentially rely on the Chevalley formula, this time in its quantum version: the formula was obtained by D. Peterson in [P] (for more details, see section 10 of Fulton and Woodward [FW] 
The following inequality can be found in Peterson's notes [P] , as well as in Brenti, Fomin and Postnikov [BFP] . For the sake of completeness, we will give our own proof of it. 
is a negative root. By Lemma 3.3, chapter 1 of [Hi] , we have l(
. By the induction hypothesis we conclude: 
. His key observation is that we have 
Denote by Σ ij the sum of the last two sums: the rest is obviously invariant by interchanging i ↔ j. 
The latter reproduces exactly the expression of Σ ij itself:
are linearly independent, exactly like the operators {∆ w : w ∈ W }. So Σ ij is symmetric in i and j and the lemma is proved.
The next result is a generalization of Lemma 5.3 of [FGP] . (f ) as follows Proof. The degrees of elements of R[q, λ] we are going to refer to here are taken only with respect to λ 1 , . . . , λ l . First, ψ is injective, because if g ∈ R[q, λ] has the property that g(Λ 1 , . . . , Λ l )(1) = 0, then obviously g must be 0. In order to prove both surjectivity and the formula for ψ −1 , we notice that the operator I − ψ lowers the degree of a polynomial by at least one, so if f is a polynomial of degree d,
The next result is a direct consequence of the quantum Chevalley formula. 
Proof. We just have to use the fact that
Our polynomial representatives of Schubert classes in QH * (G/B) are described by the following theorem, which is the central result of the paper. The proof is governed by the same ideas that have been used in the non-quantum case (see section 2). 
We take into account (6), where Λ i [c w ] is the same as
2 In view of Theorem 5.5 of [FGP] , we could actually expect to have ψ(
As R[q]-algebras, both QH * (G/B) and R[q, λ]/I q W are generated by their degree 2 elements; this is why their structure is uniquely determined by the bases {σ w : w ∈ W }, respectively {[ĉ w ] : w ∈ W } and the matrices of multiplication by σ s i , respectively Example. We will illustrate our main result by giving concrete solutions to the quantum Giambelli problem for G/B, where G is simple of type B 2 . This is the first interesting case, different from A n and for whichΦ
We will use the following presentation of the root system: if x 1 , x 2 are an orthogonal coordinate system of the plane and e 1 , e 2 the unit direction vectors of the coordinate axes, then -the simple roots are α 1 := x 1 and α 2 := x 2 − x 1 .
-the positive roots are α 1 , α 2 , α 3 := α 1 + α 2 = x 2 and α 4 := 2α 1 + α 2 = x 1 + x 2 .
-the positive coroots are α
-the fundamental weights λ 1 , λ 2 are determined by 
Note that we have started the B-G-G algorithm with c w 0 which differs from α 1 α 2 α 3 α 4 /8 by a multiple of x 2 1 + x 2 2 . Theorem 2.6 will allow us to describe the quantization map without knowing anything about the ideal I q W of quantum relations. But for the sake of completeness we will also obtain the two generators of I q W , by using the theorem of Kim as presented in our paper [M] . We have to consider the Hamiltonian system which consists of the standard 4-dimensional symplectic manifold (R
4
, dr 1 ∧ ds 1 + dr 2 ∧ ds 2 ) with the Hamiltonian function
The first integrals of motion of the system are E and -by inspection -the function Rather than using the formula for ψ −1
given by (7), it seems more convenient to determineĉ w := ψ and find a 1 (X 1 , X 2 )(1) = − 1 8 (X 1 − X 2 )(3x 1 − x 2 ) = a 1 (x 1 , x 2 ) − 3 2 q 1 − q 2 a 2 (X 1 , X 2 )(1) = − 1 4 (X 1 − X 2 )(x 1 + x 2 ) = a 2 (x 1 , x 2 ) − q 1 .
Coming back to (9), we deduce The otherĉ w , w ∈ W , can be obtained by similar computations. They are described in the following table: 
